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Abstract: The concept of the g-frame, a generalized frame in Hilbert spaces, has garnered attention in recent research.
While numerous properties of g-frames have been explored, certain aspects remain unexamined, including a novel
construction approach for the g-Riesz decomposition in Hilbert spaces. While prior works such as [12] presented the
equivalence conditions for g-Riesz decomposition and Khosravi [10] proposed a new construction method for g-frames,
neither addressed a new construction method for g-Riesz decomposition. This paper aims to fill this gap by investigating a
novel construction method for the specialized g-frame-g-Riesz decomposition. Leveraging operator theory from generalized
functional analysis and function space techniques in complex Hilbert spaces, we establish necessary and sufficient conditions
for constructing g-Riesz decompositions, an area insufficiently explored by Khosravi and [12]. Furthermore, we introduce
two annotations and provide proofs demonstrating that g-Riesz bases are equivalent to Riesz bases, aligning with the findings
of W.C. Sun in [6]. This underscores the significance of our research. The newly proposed g-Riesz decomposition not only
contributes to mathematical inquiry but also holds promise for various applications, particularly in signal and image
processing.
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1. Introduction

The concept of frames in Hilbert spaces was initially introduced by Duffin and Schaeffer [1] in 1952, within the scope of
their study on nonconcordant Fourier series. However, it wasn't until 1986, when Daubechies et al. demonstrated that
frames could expand functions in L*(R) into a similar standard orthogonal basis, that they garnered significant attention.
Over the years, substantial research outcomes have emerged in the field of frame theory [2-5], with ongoing
generalizations of frames. Professor W. C. Sun [6,7] pioneered the definitions of g-framework and g-Riesz basis, leading
to several important findings. Additionally, Professor Y. C. Zhu[8,9] introduced the concept of pre-frame operator Q and
utilized it to establish g-frames, g-Riesz bases, and related topics.

Khosravi [10] investigates the redundancy of g-frames using g-Riesz decomposition, and explores staggered dyadic g-
frames and g-frame perturbations. Casazza [11] provides the definition of Riesz decomposition and derives relevant
properties. Furthermore, Khosravi [10] presents a novel construction of g-frames, laying the groundwork for a new
approach to the special g-frame-g-Riesz decomposition.

2. Literature Review

This paper delves into a novel construction method for the special g-frame-g-Riesz decomposition in complex Hilbert
spaces. To establish a comprehensive understanding, it is imperative to introduce pertinent definitions of linear spaces,
complex Hilbert spaces, standard orthogonal bases, frames, Riesz bases, nonredundant frames, g-frames, g-Riesz bases, g-
Riesz decompositions, and associated lemmas. For further elucidation, refer to the following references: [1], [4], [7], [8],
[12], etc.

In this paper, we use the following notation: let U,V be the sequence of closed subspaces of two complex Hilbert

spaces with inner product (-,-) , paradigm||-|| ,and {V,},_, for V" , where I is a subset of the set of integers Z ,

iel

and L(U, V) denotes the entirety of all bounded linear operators fromU toV; . Define the linear space

P = {1 eVivie LS £ P,

Define the inner product on which: the

VAT ABDE Z<fz’ g

iel
Then /? ({V:}..,) is a complex Hilbert space.

Let {ei/'} jes, be the standard orthogonal basis of V. ,where J, is a subset of the set of integers, I € I . Let

%z{é;ke]g}kel 9ie] ’jEJi'
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Then it can be verified that {; Yicr.jey, is the standard orthogonal base of P({V}..,) .

Definition 1 The sequence {fl}zl C U is called the frame of U if there exists a positive number 4, B such that for
any f €U , there are

ALFIF= Y LFBILIE

established, A, B are called the lower and upper bounds of the frame, respectively.

0

Definition 2 The sequence { f;}-, CU is called the Riesz basis of U if U =span{f,},., , and there exists a

n

positive number 4, B , for any finite constant column {a, } ., , there are

n 2 n 2 n 2
ANaP<Yaf| <BY)a,l
i=1 i=l1 i=1

established, A, B are called the lower and upper bounds of the Riesz basis, respectively.

Definition 3 If{ f}_, C U is called a non-redundant frame ofU , it is not a frame of U if any of their elements are
removed.

Definition 4 Let A, € L(U,V,) ,(i€l) , and the sequence { A, },_, be called the g-frame of U with respect

iel
to{ V}},_, if there exists a positive number 4, B such that, forany f €U , there are
2 2 2
ANSIP2NASIP<BI L (1-1)
iel
holds, and 4, B is called the lower and upper bounds of { A, }._, , respectively.
IfA=B=A4 ,then { A, } ;if A=1,

then { A, },_, is said to be the g-Parseval frame of U with respect to { V; },_, ; and if only the inequality on the right-

iel °

.; is said to be the g- A -tight frame of U with respect to { V },_,

hand side of Eq. (1-1) holds, then { A, },_, is said to be the g-Bessel sequence of U with respect to { V; },_, and the g-

Bessel sequence bounded by B .

Definition 5 Let A, € L(U,V;) ,(i € I) , and the sequence { A, },_, be called the g-Riesz basis of U with respect

iel
to{ V, },., if the following two conditions are satisfied:

(W{ A, },., isgcomplete,ie,{f €U : A, f=0,iel}={0};

(2) There exists a positive number A, B such that for any finite subset/, — / and any f, €V, ,(i € ) there are

AY LIPS AL IPS BY I I
iel, iel, iel,
holds, and A, B are called the lower and upper bounds of the g-Riesz basis, respectively.
Definition 6 Let , A, € L(U,V,) (i€l) ,and{ A, }

say that {A? (V)},., is a g-Riesz decomposition of U if for any f € U , there exists a unique {f;},_, € *({V}..,)

suchthatf=ZA:(fi) .

iel

be g-Bessel sequences of U with respect to { V, } and

iel iel °

Lemma 1 The " sequence { A, },_, is the g-frame of U with respect to { V; },_, if and only if the bounded linear
operator Q is full, where Q is Q: I°({V,},.,) =>U {f},., = ZAl*(fl) and the g-frames bounded by ||OQ" ||

iel
and|| Q| ,and Q" is the pseudo-inverse operator of O .
Lemma 27! Let the sequence { fl}lw:l c U , then the following conditions are equivalent.

€)) {fl}jil is the Riesz basis of U and the Riesz boundis, A B .
() {f;}7, is the frame of U and the Riesz bound is , A B . and {f;}7, is [’ linearly independent, i.e.

ifZal.fi =0, {a,}", €l’ ,thena,=0,ie N .
i=1
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(3){f;}, is a non-redundant frame of U and the frame boundary is 4, B .

]

Lemma 3 The sequence {fl}:il c U is a Riesz basis for U and the Riesz bound is 4, B if and only if Eq.

defines the boundedness operator 7" to be a linear homomorphism and satisfies 4 || a |*<|| Ta |[F< B||a |}, ael®.

where T’ is
THa}z, > Zaifi {a} r
-1

Lemma 4" Let A, € L(U,V;), J; be asubset of the set of integers and {¢; } ,_, be the standard orthogonal basis
of V, ,whereiel . If{ A, }

are equivalent.
(W {A (V})},., is the g-Riesz decomposition of U ;
(2){ A, },_; is the g-Riesz base of U on{V, }

3 Description of the scope of the study
In this paper, we give a novel construction method of g-Riesz decomposition and get the conclusion that Riesz basis
and g-Riesz decomposition are equivalent,g-Riesz basis and Riesz basis are equivalent, which is consistent with the
conclusion given by W.C. Sun in the literature [6].
A new construction method for g-Riesz decomposition

Theorem 3.1 Let A, € L(U,V;) ,(iel) ,and let {WV,} ., be a sequence of closed subspaces of the Hilbert

is the g-Bessel sequence of U with respect to { V, } then the following conditions

iel iel °

iel *

space K . For each fixediel ,I', e LV, W) ,jeJ, , {FZ(WU)}]EJ is the g-Riesz decomposition of V; ,
then {A;(V,)},_, is the g-Riesz decomposition of U if and only if {A;T; (W)} ier jes, i the g-Riesz decomposition
of U .

Proof Necessity. Since {AT(VI)} is the g-Riesz decomposition of U , then by the definition of g-Riesz

iel

decomposition and Lemma 1, { A, },_, is the g-frame of U with respect to { V, } and similarly {Fii} jes. 1s the g-

iel °
frame of I, with respect to {VVU}J‘EJ . By Theorem 2.2 of Literature [10], {Fiin}iE,JEJ is the g-frame of U with respect
to (W} e, - Then by Lemma I, for any feU , there exists {h[j}iel’jejl 612({%}1'61,]6/,.) such

that f = Z Z A?F;hy . Thus {A?F;(V%)}id’jeji satisfies the existence of the decomposition.
iel jeJ;

On the other hand, for any /"€ U , if there exist , { f; },; o) 1€;}ics jes € 12({1/1/;/}@1,_;91) such that

S= 22N =2 ) AT,

iel jeJ; iel jeJ;
imply f = ZA[ Zryft/ = ZA[ Zré/gi/ o f= ZA[ (Zré/fé/) = ZAi (Zrij’gé/‘)
iel jeJ; iel jeJ; iel jeJ; iel jeJ;
Since {A; (V,)},_, is the g-Riesz decomposition of U know that Z F;fy = Z F;gij ,iel . Also {F: )} e, i
JjeJ; JjeJ;

the g-Riesz decomposition of V; , so we have f;, =g, ,i€l , j€J, . Therefore, {Ajl—‘:;(W;j)}id’jd is the g-Riesz
decomposition of U .
Sufficiency. If {A:TZ(VVU)}: o jos, 15 the g-Riesz decomposition of U , then by the definition of g-Riesz

decomposition and by Lemma 1, {l—‘i].Ai}iE,)jeJ_ is the g-frame of U with respect to {WU }iel,feJ, , and similarly {Fij }jEJv

is the g-frame of V; with respect to {W;},_, . By Theorem 2.2 of the literature [10], {A,},_, is the g-frame of U with
respect to {V;},, . By Lemma 1, for any f €U , there exists {4}, , Elz({Vi}id) such that f = ZArhi and

iel
hence {A;(V,)},_, satisfy the existence of the decomposition.
On the other hand, forany f € U , if there exist{ f,},.; ,1€,}.., €°({V;},.,) such that

Sf= ZAjfz = ZAjgi

iel iel
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Since {FZ (W)} je; is a g-Riesz decomposition of V; , for the above {f;},_, , 1€ }ies el’({V},.,) , there exist
. 2
unique {n; },; oy AM Y o €0 (W}, ;) such that

f; - Zrzmll 8 = erlnl/ . 3-1)

A/AEJI je‘]x
* * * * * * * *
Thus =D A D Tymy =3 N> Tymy e f=2 > NTym; =23 % ATin, .
iel JjeJ; iel jeJ; iel jeJ; iel jeJ;

Also {ATFZ(W;)}M’]EJ_ is the g-Riesz decomposition of U, so we have,m; =n, ,i€l , jeJ, . Combining
with equation (3-1), we have, f; =g, ,i €l . Thus, {AT(V;)} .; satisfies the uniqueness of g-Riesz decomposition.
Therefore, {/‘\KV:)}IE ; is the g-Riesz decomposition of U .

The g-Riesz decomposition is equivalent to the Riesz basis
Remark 3.1 Foranyi € [ , let{f}},_, be the Riesz basis of V; and let the Riesz bound be 4, B . Then by Lemma

2,{ fy} jes, is the frame of V; and the frame bound is 4, B . Take the sequence of closed subspaces {VU} jes, ofV

where V; =span{f} , je€J, . Let{e,}, , be the standard orthogonal basis of V; , then by the definition of Riesz

Jel;
basis in literature [5], there exists a bounded invertible operator 7; € L(V;) such that f; =Tie, . Let the bounded linear
operator [, : V; = V; beas follows ', /; = /., [;) f; T €, . fi €V, .
Then for any f; € V; , we have
AN PN LIPS NT L 1P= 2 £ BILAG I = DA £ Pl Ty IP< BT PN, I

= = =
So there is{I', } ,_, for the g-frame of V/; about{V, },_; and the frame boundaries are 4 || T . BT .

y

The following verifies that { fl]} jes, 18 a g-Riesz decomposition of V..
Indeed, for any f; €V, ,fij € Vl.j ,J €J, , there are

T i 1 = ) = Sy I =Sy IS, =1y I oS
So we haver;f[j :Hfg I& fl] Sy €V e, .Thuswehave{rz;(l/:j)}jejj Z{f[j}jdi .

For any f, €V, , since {Fi].} jes. is the g-frame of I/, with respect to {Vy} jes, »and combining this with Lemma 1,

. 2 *
we know that there exists {gij }jeJ,- el ({Vy }jell-) such that f, = Z Fi/‘gi/‘ .
JjeJ;
. 2 2
Ifthere exist{A, },_, € "({V,;},.,) Ak} ,c, €17 ({V;} ;) such that
* * . . 2 2
fi= 2 5hy = 2 Tk e thereis f; = D 1 Ay P Ay = 21 &y I ey
JjeJ; Jjed; JjeJ; JeJ;

Then by Lemma 3, hlj = k%./. ,J €J, . Therefore {F: (V;j)}jEJ‘_ = {fl/ }./'GJ, is the g-Riesz decomposition of V; .

Conversely, if { fl]} jes, 18 the g-Riesz decomposition of V. , then the above proof process can be reversed to obtain
that{f;} ., is the Riesz basis of V, .

The g-Riesz basis is equivalent to the Riesz basis

Remark 3.2 Taking {F; (Vy )} e, = {el.j } jes, to be the standard orthogonal basis of V. in Theorem 3.1 (and {el.j}jE J
to be a special g-Riesz decomposition by Remark 3.1), we have that {Aj(l/,)},e , is the g-Riesz decomposition of U if
and only if {A:TZ (Vy')}id,jeJ,. = {A:F (eij)}ie[,jeJ,. ={u;},s jos, is the g-Riesz decomposition of U . Using Lemma 4
and Remark 3.1, we know that {A,},_; is the g-Riesz basis of U with respect to {V/;},_; if and only if {u, },_, ,, is the
Riesz basis of U . This agrees with the conclusion of Theorem 3.1 of [6] in the literature.

4 Results and Discussion
This paper aims to investigate a novel construction method of g-Riesz decomposition in Hilbert space. We establish the

sufficient and necessary conditions for constructing g-Riesz decomposition, a topic previously unexplored by researchers.
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Additionally, by providing illustrative examples [6], we arrive at conclusions consistent with those found in the literature
[6], underscoring the significance of our research. Nonetheless, our analysis does not delve into the stability of g-Riesz

decomposition, an aspect meriting further comprehensive examination.

5. Conclusion

Based on the exploration conducted in this paper, a novel construction method for the g-Riesz decomposition in complex
Hilbert spaces has been introduced. Leveraging operator theory and function space techniques, the authors have
established necessary and sufficient conditions for constructing g-Riesz decompositions, a topic insufficiently explored in
prior research. The investigation has revealed that g-Riesz bases are equivalent to Riesz bases, consistent with the findings
of W.C. Sun. The newly proposed g-Riesz decomposition not only contributes to mathematical inquiry but also holds
promise for various applications, particularly in signal and image processing.
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